We prove random Nash equilibrium existence theorems as well as Bayesian Nash equilibrium existence results for games with a measure space of players.
INTRODUCTION
The main purpose of this paper is to prove the existence of a random (Nash) equilibrium for a game with a continuum of players.
Moreover, we show how such a random equilibrium existence result can be used to obtain a Bayesian equilibrium existence theorem for a game with a continuum of players.
In a seminal paper Nash (1951) introduced the notion of a noncooperative equilibrium for a game with a finite number of players.
In particular, according to Nash, a game consists of a finite number of players, each of whom is characterized by a strategy set and a payoff (utility) function, i.e., a real-valued function defined on the Cartesian product of the strategy sets of the players.
A noncooperative equilibrium for such a game is a strategy vector having the property that no player can deviate from his/her optimal strategy and increase his/her payoff. Nash (1951) and subsequently Debreu (1952) proved the existence of such an equilibrium, using f inite-dimensioaal fixed point theorems of the Brouwer-Kakutani type.
Three main extensions of the Nash-Debreu results have been obtained in the literature. The first one is due to Glicksberg (1952) , who allowed the strategy set of each player to be a subset of an infinite-dimensional linear topological space. This equilibrium result necessitated an infinite-dimensional version of the Kakutani fixed point theorem [see also Fan (1952) or Browder (1968) ].
The second extension is due to Schmeidler (1973 Khan (1986) extended this to the infinite-dimensional case.
This work, together with that of Khan-Papageorgiou (1988) and Yannelis (1987) ShaferSonnenschein (1975) or Yannelis-Prabhakar (1983) [Castaing-Valadier (1977, III) ]. Let (E,ll»ll) be a separable Banach space and let E' be its topological dual.
The weak topology a(E,E') on E will be referred to as the w-topology; thus, we speak of w-closed, w-compact, etc. There exists a countable subset {x.} which is dense in E' for the topology a(E',E), [Castaing-Valadier (1977, 111.32 [Diestel-Uhl (1977) ]. 
THE MAIN THEOREM
Below we introduce the notion of a random game with a continuum of players.
This notion of a game extends the ones of Khan (1986) , Khan-Papageorgiou (1988) , Schmeidler (1973) , Yannelis (1987) Khan-Papageorgiou (1988) , Schmeidler (1973) , Yannelis (1987) ].
[We especially recommend the excellent survey of Khan (1985) .]
We now state the conditions needed for the proof of our main theorem. A detailed discussion of these is given in Section 4.
(CO) the a-algebra T is countably generated,
X has nonempty convex w-compact values,
X is y-integrably bounded and has a x Q 3 (E)-measurable graph,
there exists no decision rule f : ft * L y such that for p-a.e. u e Q, f(u))(t) e con P(t ,a),f (to) ) for y-a.e. t e T.
We also require the existence of a correspondence 
The set {(t,u>,y) eTxftxE :y£ X(t), u (u),y,x) _< 6} belongs to T ®jt® 3(E) for every 6 e R, x e L ,
u (oj,*,x) is quasi-concave on X(t) for every t e T, « E 8, Kim-Pikry-Yannelis (1987 , 1988 Hence, there exists a (t ®,J£® 3(L ), 3(E) )-measurable function a : dom (con P) * E such that for all t e T. and oo £ ft a(t,u), # ) is continuous on dom (con P(t,u),»)) and a(t,w,x) £ con P(t,w,x) for all x £ dom con P(t,w,»).
Therefore, a(t,co,x) := (a(t,o),x)} satisfies (C5), (C7). 
rel int con P(t,oj,x) is nonempty for every x £ dom (con P(t,co,»)),
where the relative interior is taken with respect to X(t).
Then conditions (C5)-(C7) hold. Khan-Papageorgiou (1987) or Yannelis (1987 Yannelis ( , 1989 follows immediately that y-a.e. l(t,y,x(t)) _< 0, i.e., x(t) e y(t,o),y).
For the proof of the second part we employ a very similar argument, which is based on the key observation that the Borel a-algebras Thus, ra is a so-called normal integrand on T x n x y x (E,ll«ll).
By the construction given in Balder (1984, Appendix) there exist a nondecreasing sequence {m } of t ® Jt® 3(Y x E)-measurable functions m rTxftxyxE-*- [0,-H») and a T ©^-measurable subset N of T x Q , (y x p)(N) = 0, such that for every (t,u) e T x fi, n e N In (t,w,y,x) -m (t ,w,y' ,x' ) I < np(y,y') + nllx -x' n n -for all y e Y, x e E and for every (t,co) Remark 5.4 : An alternative proof of the measurability part of Proposition 5.3 can be given using Castaing-Valadier (1977, III. 15) .
In contrast to the proof given above, one then has to exploit the fact that y has convex values. [Castaing-Valadier (1977, 111.22) ].
By
Theorem 5.1, L is a nonempty convex weakly compact subset of L .
Hence, it follows from the Fan-Glicksberg fixed point theorem [Fan (1952) , Glicksberg (1952) Balder (1988) , Harsanyi (1967) , MilgromWeber (1985) and Yannelis-Rustichini (1988 
